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Abstract
Topological indices serve as foundational numerical invariants of
molecular graphs, mathematically encapsulating the topological
architecture of chemical compounds to enable the high-fidelity prediction
of their bioactivity and physicochemical attributes. While the analytical
derivation of these indices via M-polynomials has been rigorously
established in pure mathematics, mapping these invariants for hyperscale,
complex crystalline networks remains a non-trivial computational
bottleneck. This paper introduces an advanced hybrid methodology that
synthesizes exact algebraic derivations with robust machine learning (ML)
architectures. We mathematically model selected silicate (Chain Silicate,
Silicate Sheet) and oxide (Cuprous Oxide, Bismuth Trioxide) networks,
formulating exact closed-form expressions for their respective M-
polynomials. Leveraging these polynomial formulations, we analytically
extract fundamental topological descriptors, including the First and
Second Zagreb indices, the Randić index, and the Harmonic index.
Subsequently, a comprehensive, high-dimensional dataset is synthetically
generated from these closed-form expressions to train and validate state-
of-the-art predictive models (Linear Regression, Random Forest, and
XGBoost). Comparative performance analysis demonstrates that tree-
based ensemble learning models, particularly XGBoost, achieve near-

perfect predictive accuracy ( ). This hybrid framework
significantly accelerates the computation of topological descriptors for
large-scale macromolecular networks, reducing algorithmic complexity to

inference time while strictly preserving analytical integrity.
Ultimately, this work bridges the critical paradigm gap between algebraic
graph theory and applied computational intelligence.
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1. INTRODUCTION
Chemical graph theory is intrinsically predicated
upon the use of topological indices to map the
intricate structural topography of molecules to real
numbers. This mathematical translation is paramount
in Quantitative Structure-Activity/Property
Relationship (QSAR/QSPR) studies. Within a

chemical graph , vertices denote atoms
while edges represent chemical bonds. By quantifying
these molecular topologies, researchers can
theoretically predict physicochemical properties—such
as boiling points, thermodynamic strain energy, and
toxicity—without the material costs and time
constraints of empirical laboratory synthesis (Mauri et
al., 2016; Muratov et al., 2020).
The formal introduction of the M-polynomial by
Deutsch and Klažar (2015) represented a paradigm
shift, significantly streamlining the computation of
degree-based topological indices. Circumventing the
computationally prohibitive need to independently
derive each index through exhaustive combinatorics,
the M-polynomial encapsulates the degree-based edge
partitions of a graph into a singular generator
function. Various prominent indices can
subsequently be extracted via standard differential
and integral algebraic operators.
Despite the mathematical elegance and theoretical
exactness of M-polynomials, scaling these
computations for massive macromolecular networks—
such as the complex silicates and oxides
fundamentally utilized in modern semiconductors,
ceramics, and advanced materials—imposes a severe
computational overhead. Furthermore, there remains
a prominent lacuna in contemporary literature
regarding the deployment of Artificial Intelligence (AI)
to map the structural parameters of these hyperscale
networks directly to their topological indices,
bypassing combinatorial explosion (Gasteiger, 2020).
This research addresses this critical gap by offering the
following principal contributions:
● Derivation of precise edge partitions and
exact closed-form M-polynomials for highly scalable
silicate and oxide network architectures.
● Exact analytical computation of prominent
topological invariants (Zagreb, Randić, Harmonic, F-
index) via applied algebraic operators.
● Algorithmic generation of a comprehensive,
structurally perturbed dataset leveraging the derived
mathematical formulas to simulate lattice defects.

● Implementation and rigorous evaluation of
predictive Machine Learning regressors (LR, RF,
XGBoost) to predict topological indices directly from
baseline network dimension parameters in a log-
transformed space.
2. LITERATURE REVIEW
The intersection of chemical graph theory and
computational chemistry has witnessed extensive
exploration of topological descriptors. Recent studies
(Borovićanin et al., 2017) have extensively utilized the
Zagreb indices, recognizing them as fundamental
metrics for evaluating the branching of carbon-atom
skeletons and crystalline lattices. Similarly, the
Randić branching index remains arguably the most
widely utilized topological invariant in contemporary
QSAR modeling for mapping molecular surface areas
and structural hydrophobicity (Ali et al., 2018).
The M-polynomial has gained substantial traction in
recent years as a highly versatile algebraic tool
(Deutsch & Klažar, 2015; Farahani et al., 2015),
prompting a surge in studies aimed at calculating M-
polynomials for various carbon nanotubes, fullerenes,
and crystalline lattices. As a singular generating
function, the M-polynomial mitigates the need to
construct separate combinatorial proofs for individual
degree-based indices, fundamentally accelerating
mathematical modeling in pure chemistry (Kang et al.,
2018; Munir et al., 2016).
Silicate networks, which are crucial both to the
Earth's crustal composition and to synthetic material
sciences, exhibit highly symmetric yet scalable
topologies that traditionally required immense
computational complexity to map. These structures
have been analyzed extensively for their distance- and
degree-based indices, revealing non-linear growth
parameters as the lattice dimension scales (Baig et al.,
2015; Rauf et al., 2021). Similarly, the molecular

graphs of industrial oxides, such as and

, have been mathematically modeled to
better comprehend their thermodynamic stability and
conductive properties (Imran et al., 2016; Kwun et al.,
2017). Yet, the non-linear scaling of these networks
poses a persistent barrier for real-time computational
QSAR mapping.
Concurrently, Machine Learning is precipitating a
revolution in computational chemistry, shifting the
paradigm from purely analytical modeling to data-
driven algorithmic approximations. Traditional
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algebraic models are increasingly being augmented by
algorithms capable of handling high-dimensional,
non-linear manifolds (Gasteiger, 2020). Graph Neural
Networks (GNNs) and deep ensemble regressors have
been successfully deployed to predict complex
quantum mechanical properties directly from
molecular representations (Gilmer et al., 2017; Kipf
& Welling, 2017; Xie & Grossman, 2018).
However, the specific application of ML regressors
trained explicitly on M-polynomial-derived datasets—
aimed at bypassing the combinatorial bottlenecks
inherent in large-scale silicate and oxide networks—
remains nascent (Chuang et al., 2020; Liu et al., 2021;
Zheng et al., 2019). Tree-based ensemble methods
offer a highly promising avenue to capture these
specific algebraic relationships due to their resistance
to overfitting and innate capacity for high-degree
polynomial approximation across expansive
coordinate spaces (Wang et al., 2019; Wu et al., 2018).
This paper directly confronts and bridges this
methodological gap by linking exact polynomial
derivation with ensemble machine learning
architectures.
3. PRELIMINARIES

Let be a simple, connected, and

undirected chemical graph where represents the

vertex set (atoms) and represents the edge set

(bonds). The degree of a vertex , denoted

mathematically by , is defined as the cardinality of

the set of edges incident to .
Definition 1 (M-polynomial): > The M-polynomial of

a graph is defined analytically as:

where denotes the absolute frequency of

edges such that their degree pair is

.

Based on the generator function ,
various standard differential and integral operators

( ) are applied to extract
specific topological indices (Abreu et al., 2020;
Ahmad et al., 2020).
Definition 2 (Topological Indices): > * First Zagreb

Index ( ): Extracted using the operator

evaluated at .

1. Second Zagreb Index ( ): Extracted using

the operator evaluated at

.

2. Randić Index ( ): Extracted using the

fractional integral operator

evaluated at .

3. Harmonic Index ( ): Extracted using the

operator evaluated at .

4. F-Index ( ): Extracted using the operator

evaluated at .
4. MATHEMATICAL MODELING
We mathematically model two primary silicate and
two oxide networks, parameterized dynamically by a

structural dimension scalar, :

1. Chain Silicate ( )

2. Silicate Sheet ( )

3. Cuprous Oxide ( )

4. Bismuth Trioxide ( )
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Table 1: Edge Partition Formulation

Network Edge Type Degree Pair Frequency Constraint (mij​ )

Chain Silicate

Chain Silicate

Chain Silicate

Silicate Sheet

Silicate Sheet

Cuprous Oxide

Bismuth Trioxide

Bismuth Trioxide

Derivation of Closed-Form M-Polynomials:
Applying Definition 1 to our topological partitions,
we derive the following exact M-polynomials (Awais et
al., 2020; Gao & Farahani, 2015):

1. Chain Silicate ( ):

2.
3. Silicate Sheet

( ):

4. Cuprous Oxide

( ):

5. Bismuth Trioxide

( ):

5. COMPUTATION OF TOPOLOGICAL
INDICES
Through the systematic application of the differential
and integral operators defined in Section 3 to the
derived M-polynomials, we exact the topological

indices. For illustration, the First Zagreb index ( )

for the Silicate Sheet ( ) is computed by

operating on its M-polynomial,
yielding the closed-form quadratic:
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Table 2: Analytically Computed Topological Indices

Network First Zagreb
(M1​ )

Second Zagreb
(M2​ )

Randić (R) Harmonic (H)

6. SYNTHETIC DATASET GENERATION
To rigorously train the machine learning architectures,
a comprehensive and robust dataset is
programmatically synthesized utilizing the exact
analytical formulas consolidated in Table 2.
Methodology:
We define an expansive simulation parameter space

for the structural dimension , bounded between

. Iterating through step for all

networks, we generate exactly samples
representing the exact network topologies (discrete
edge frequencies, total nodes, total edges) and their
corresponding target topological indices.

Given that structural dimensions reaching

natively produce topological indices

expanding beyond (e.g., yielding values

for Cuprous Oxide), the raw target
variables were subject to a logarithmic transformation

( ). Furthermore, to prevent the algorithms
from overfitting to purely deterministic polynomial
curves and to simulate empirical structural defects
(such as amorphous lattice vacancies), a controlled
stochastic Gaussian perturbation

( ) was systematically applied to
the log-transformed target variables.

Table 3: Dataset Feature Engineering Description

Feature Name Feature Type Theoretical Description

Network_Type Categorical (One-
Hot) Structural classifier identifying , , , or

Dimension_n Continuous
Numerical The principal scalability parameter ( ) governing the molecular

network

Total_Edges Continuous
Numerical

The total cardinality of the edge set, derived from $

Max_Degree Discrete Numerical
The maximum vertex degree ( ) present within the local graph
structure

Target_M1 Target Variable The log-transformed analytically derived First Zagreb Index

Target_R Target Variable The log-transformed analytically derived Randić Index
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7. MACHINE LEARNING ARCHITECTURE

The dataset is split into an training corpus and

a hold-out testing set. Feature scaling is
enforced via standard scalar normalization to ensure
uniform convergence. We deploy a multi-tiered
regression pipeline utilizing three distinct algorithms
to predict the log-transformed topological invariants
(Wang et al., 2019; Wu et al., 2018):
1. Linear Regression (LR): Established as the
baseline model to ascertain the limits of purely linear

approximations over high-degree polynomial
manifolds.
2. Random Forest (RF) Regressor: A robust,
tree-based ensemble method highly resistant to
overfitting and capable of mapping non-linear
topological relationships.
3. XGBoost (Extreme Gradient Boosting): A
state-of-the-art, highly optimized gradient boosting
framework specifically selected for its capacity to
capture the complex, multi-dimensional feature
interactions intrinsic to large molecular graphs
(Duvenaud et al., 2015; Stokes et al., 2020).

Table 4: ML Model Evaluation Metrics (Testing Set Validation - Log-Transformed Space)

Model Mean Absolute Error
(MAE)

Root Mean Squared Error
(RMSE)

Coefficient of
Determination (R2)

Linear Regression
(LR)

Random Forest
(RF)

XGBoost Regressor

(Note: The elevated MAE/RMSE for Linear
Regression reflects its inability to fit the logarithmic
manifold of cubic structures, whereas XGBoost

captures this space with near-zero residual error
relative to the scale).
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8. PIPELINE DIAGRAMS
Diagram 1: Flowchart of the Hybrid Methodology

Diagram 2: Predictive Model Architecture

9. RESULTS AND DISCUSSION
The comparative analysis between exact analytical
computations and machine learning inferences yields
profound methodological insights. The analytical
formulation guarantees theoretical exactness but
suffers from severe scalability limitations due to
combinatorial explosion when modeling hyperscale

networks (e.g., ).
Table 4 unequivocally highlights the predictive
supremacy of the ensemble ML architectures. The
baseline Linear Regression performed moderately

( ), notably failing to capture the

steep cubic complexity inherent to the Cuprous

Oxide ( ) network topology, resulting in
massive variance inflation. Conversely, the tree-based
ensemble models captured the non-linear algebraic
geometry with exceptional fidelity. The XGBoost
architecture emerged as the superior model, achieving

a negligible MAE of and an score of

within the log-transformed coordinate
space. This minimized residual error in XGBoost is a
direct consequence of its gradient boosting
mechanism, which efficiently minimized the loss
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function associated with the synthetic structural noise
(lattice vacancies).
10. CONCLUSION
This research successfully synthesizes the theoretical
rigor of algebraic graph theory with the
transformative computational scalability of modern
Artificial Intelligence. By mathematically formulating
exact M-polynomials for highly relevant silicate and
oxide networks, we derived their corresponding
degree-based topological indices analytically to
construct a foundational, high-fidelity dataset.
Through the deployment of the XGBoost architecture,
we demonstrated that advanced machine learning
models can infer complex algebraic invariants with

near-perfect accuracy ( ). This
hybrid methodology fundamentally resolves the
computational bottlenecks historically associated with
large-scale QSAR/QSPR analyses, reducing index

derivation to inference time. Future research
vectors will focus on extending this hybrid pipeline to
encapsulate distance-based topological invariants,
alongside the direct application of Graph Neural
Networks (GNNs) to the 3D spatial coordinate data
of complex crystalline materials.
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